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FINITE NILPOTENT CHARACTERISTIC
NONVERBAL GROUPS

BY

ORIN CHEIN

Abstract. In this paper, we study nilpotent groups which are quotient groups of

finitely generated free groups with respect to characteristic but nonverbal subgroups.

We show that there are no abelian groups of the type in question. We also show that

all such groups of nilpotence class 2 or 3 are finite and have minimal sets of two

generators. In fact, formal presentations for all such groups are given.

The direct product of two finite CNV groups (as the groups in question will be

called) which have minimal sets of generators of the same size is shown to again be a

CNV group, provided that the orders of the original two groups are relatively prime.

Conversely, if a finite CNV group is a direct product of groups of relatively prime

orders, then at least one of these direct factors is a CNV group. Several other related

results are also obtained.

1. Introduction and summary. It is well known that every verbal subgroup of

any group is fully invariant, that every fully invariant subgroup is characteristic,

and that every characteristic subgroup is normal. It is also known that every fully

invariant subgroup of a free group is verbal [6, Theorem 12.34, p. 5]. It is natural

to ask whether every characteristic subgroup of a free group is fully invariant

and hence verbal. The answer is no, but very few examples to the contrary are

known. B. H. Neumann [5, Theorem 2.3, p. 145] conjectured that characteristic

subgroups of free groups of infinite rank are fully invariant. D. E. Cohen [1, p. 445]

proved a corresponding conjecture for free abelian-by-nilpotent groups of countable

rank. As far as finitely generated free groups are concerned, we are aware of only

three known examples of characteristic but not fully invariant subgroups: The

classic example is the subgroup of a free group of rank 2, which gives rise to the

quaternions as its quotient group [5, p. 146]; Neumann [5, p. 150] also mentions

an example due to MacDonald—the characteristic closure of x? in the free group

of rank three; Cohen [1, p. 448] gives an example of a characteristic but not fully

invariant subgroup of a free metabelian group. As far as we know, only the first

of these examples gives rise to a finite quotient group.
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In the present paper, we will study finite nilpotent CNV groups, where a CNV

group is a group which is the quotient of some free group with respect to a charac-

teristic but not verbal subgroup. In particular, we will show the following:

1. An abelian group is not a CNV group.

2. A finitely generated nilpotent CNV group of class 2 or 3 must be finite, must

have a minimal set of two generators, and must have a quotient group isomorphic

with the quaternions. Presentations for such groups are given.

3. The direct product of finite CNV groups of pairwise relatively prime orders

is a finite CNV group; and, conversely, if the direct factors of a finite CNV group are

of pairwise relatively prime order, then at least one of them is a finite CNV group.

The author of this paper would like to express his appreciation to Wilhelm

Magnus for the discussions he has had with him in connection with this problem.

2. Notation and preliminaries. For the purposes of word economy, we will call

a group G which is isomorphic to the quotient of a free group with respect to some

characteristic subgroup a C-group. If G~F/C and ylt ...,yn generate F, then

Xx, ■ ■., xn generate G, where x¡ is the image of the coset yx + C under the iso-

morphism. Performing any Nielsen transformation on the x¡'s must give rise to an

automorphism of G, since the corresponding Nielsen transformation on the yx's

gives rise to an automorphism of F, and C is characteristic. Conversely, if a group

G has a set of generators with respect to which all Nielsen transformations induce

automorphisms, then the group is the quotient group of a free group with respect

to a characteristic subgroup. Thus a group G will be called a C-group if it has some

set of generators with respect to which all Nielsen transformations induce auto-

morphisms of G.

Note the signficance of the words "some set of generators." It is known that there

are groups which possess two different minimal sets of generators such that neither

can be derived by performing a Nielsen transformation on the other—not even

by first returning to the underlying free group [9, Theorem 1, p. 228]. Thus it is

possible that a group be a C-group with respect to one set of generators, but not

with respect to another. Whether or not there is a group in which this can actually

happen is still an open question. It is also unknown whether a group can be a

C-group with respect to a set of generators of nonminimal size.

A group G, which is the quotient group of some free group with respect to some

verbal subgroup will be called a F-group. Here, clearly, the choice of a presentation

for G plays no role.

A group which is a C-group but not a F-group will be referred to as a charac-

teristic-nonverbal group or a CNV group for short.

The notation (a, b) will be used to denote the commutator a~1b~1ab of a and b.

The following procedure will be used constantly throughout this paper.

Suppose G is generated by xx,..., xn and we have relations

Rj(xx,...,xn) =1,      j = \,...,m.
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Suppose p is a Nielsen transformation taking xx,...,xn into yx, y2,..., yn.

Then by "performing the Nielsen transformation p on R¡ixx,..., xn) and cancel-

ling," we will mean considering

Riiyx,...,yn)[Riixx,...,xn)]-1 = 1

possibly using the relations

Rjixx,...,Xr) =1,       j = l,...,m

to simplify.

For example, if G = <x, z | x2z2 = (x, z) = 1 >, and p. is the Nielsen transformation

leaving z fixed and taking x into xz, then performing p. on x2z2= 1 and cancelling

gives (xz)2z2(z~2x~2)=l or, on simplifying [using (x, z)=l], z2 = l.

Sometimes we will just "perform the Nielsen transformation p. on £¡(x,,.. .,x„)"

without cancelling, meaning we will consider Rtiyx,..., yn) = l.

If G is a C-group with respect to the set of generators xx,..., xn and £(xl5..., xn)

= 1 is any relation which holds in G, then performing any Nielsen transformation

on £, with or without cancellation, must result in a relation which holds in G.

Also, performing a Nielsen transformation on this new relation gives yet another

relation and so on.

This is the technique we will use.

The group of Nielsen transformations on the set {x1;..., xn} is generated by the

following particular Nielsen transformations [7]:

k ^ i,j,

j / i,

k + i,

for \^i<fi%n, iSk^n. Therefore, to see if a group G is a C-group with respect

to a particular set of generators, it is enough to see that each of the elementary

Nielsen transformations given above, when applied to the set of generators in

question, induces an automorphism of G.

If M and A^ are Nielsen transformations, then MN will denote the Nielsen

transformation of first applying A' and then applying M to the result.

Finally, in the course of simplifying relations, we will frequently make use of

Hall's identities [2, p. 43]:

ia,b)-ib,a)= 1,

(a, be) = (a, c) • (a, b) ■ (a, b, c),

(a • b, c) = (a, c) ■ (a, c, b) ■ ib, c)

Tty : x¡ -> x¡,

Xj    > Xi,

xk —> xk,

i¿j.   Xj    > Xi    ,

Xj    > Xj,

and

Oij : x¡ —> xtXj

xk   *■ xk,
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and of a weak form of a consequence of Witt's identity [4, Theorem 5.3, p. 293]—

namely that if Gk represents the kth group of the lower central series of G, and if

ae Gr, b e Gs and c e Gt, then

(a, b, c)-(b, c, a)(c, a, b) e Gr+s+t+1.

3. Direct products.

Lemma 1. If K is a finite CNV group with respect to some set of n generators,

and if H is a C-group with respect to a set of n generators, and if (\K\, \H\)=l

(i.e., if the order of K and the order of H are relatively prime), then Kx H is a CNV

group with respect to a set of n generators.

Proof. Suppose {kx,.. -,kn) and {hx, ■ ■ -, hn} are the sets of generators in ques-

tion, for K and H respectively. Then {kxhx, ■ ■ -, knhn} generates Kx H. If p is a

Nielsen transformation such that

(3.1) p({Xx, .. ., Xn}) = {px(Xx, • • •, xj,..., pn(Xx, ..., x,,)}

then

p({kxhx, ■ ■-, knhn}) = {pi(kx, ■■ -, kn)pxVh, ■■-, hn),..., pn(kit..., kn)pn(hx,..., /.„)}

since kx and h, commute. But then this is an automorphism of KxH, since

p({kx,..., kn}) is an automorphism of K and p({hx,..., hn}) is an automorphism

of H and since

gP<Hi(kx, ■., kn)px(hx, ■■■, hn),..., pn(kx,..., kn)pn(hx,..., nn)>

= gP<Pi(kx, ■■■, kn),..., pn(kx,..., kn)) x gp(px(hi, ■ ■■, hn),..., pn(hx,..., nn)>.

Therefore, KxH is a C-group.

On the other hand, since A-is nonverbal, there exists a relation R(kx,..., kn) = l

in K, and elements wi = H'i(/c1,..., kn), i= 1,..., n in K, such that R(ux,. ■., un)^l.

Consider the relation in A^x H given by

R(kxhx,.. .,knhn) = [R(kxhx, ■ ■ -, ArA)]|H1

= [R(kx,...,kn)]W[R(yx,...,yn)VHi = 1.

But

R(wx(kxhx, ■.., knhn),..., wn(kxhx,..., knhn))

= R(ux,. ..,un)MR(wt(hx,..., /;„),..., rVB(A1(..., *„))>»' = R(ult.. .,un)^ ï 1

since (\H\, \K\) = l. Therefore, KxH is not a F-group.   Q.E.D.

This lemma leads us to new CNV groups. In particular, since B3 (the Burnside

group of exponent 3) is a two generator C-group, Q x B3 is a CNV group. It has

the following presentation

Q x B3 = <x, y | x12 = (x, y, x) = (x, y, y) = 1 ; x6 = y6 = (x, y)3}.
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We will show that any two generator CNV group must have a presentation of a

similar nature.

Lemma 2. If G = HxK is a finite C-group with respect to a set of n generators,

and if i\H\, |£|)= 1, then H and Kare both C-groups, each with respect to sets of n

generators.

Proof. Suppose {gx,. ..,#„} is the set of generators of G in question. Since

G = HxK, gl=hiki, i= 1,..., n and {hx,..., hn}, {kx,..., kn} are sets of generators

for H and £ respectively. Suppose RQix, ...,//„)= 1 is a relation holding in H,

and suppose p, is any Nielsen transformation given as above by (3.1). Then, to

show that H is a C-group, it is enough to show that

Ripxihx,.. .,hn),. ..,/*»(*!,..., hn)) = 1.

Consider the relation in G given by

Rigx,...,gn)= [R(gu---,gn)]m = [R(hx,...,hn)]^[Rikx,...,kn)]^ = 1.

Since G is a C-group

R(Pl(glt ••-, gr), ■■-, Pn(gl, ■ ■ ■, gn)) =  1-

But this is just

R(px(hx,..., hn)pxikx,..., kn),..., pnihx,..., hn)pnikx,..., kn))

= [Ripxihx,.. .,*„),.. .,pnihx,.. .,hn))]^[Rifixikx,.. .,kn),.. .,pnikx,.. .,kn))]m

= [Ripxihx,...,hn),...,pnihx,...,hn)))m-

But, since i\H\, |£|) = 1, this can= 1 only if

Rip.xihx,..., hn),..., pnihx,..., hn)) = 1

which is what had to be proved. Therefore, H is a C-group. The proof for £ is

analogous.

Lemma 3. Ifi\H\, |£|) = 1, and H and K are finite V-groups, then so is HxK.

The proof of Lemma 3 will be omitted, as it involves only a simple application

of the techniques used in the proofs of Lemmas 1 and 2.

As a direct consequence of Lemmas 2 and 3, we have the following:

Lemma 4. If G = HxK is a finite CNV group, and i\H\, |£|)=1, then at least

one of H and K is a finite CNV group.

Applying Lemmas 1 and 2, we get the converse of Lemma 3, namely

Lemma 5. If G = HxK is a finite V-group and i\H\, |£|) = 1, then H and K are

both finite V-groups.

Lemmas 4 and 5 tell us that, in order to find all nilpotent finite CNV groups,

it is enough to find all finite £-groups which are CNV groups or F-groups.
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4. The abelian case.

Theorem 1. There are no abelian CNV groups.

Proof. Levi [3, Satz 2, p. 91] proved that every characteristic subgroup of a

free group F which contains the commutator subgroup F' is the subgroup of F

generated by the commutators and the /nth powers of all elements of F, for some m.

Such a subgroup is verbal. Therefore, since any abelian C-group is the quotient

group of a free group with respect to a characteristic subgroup which contains F',

every abelian C-group is a F-group.

5. Nilpotence class 2.

Lemma 6. If F is a free group on free generators {ylt..., yn}, and if a(l),..., a(n)

are integers whose greatest common divisor is d, then there exists a Nielsen trans-

formation p taking {j¡} into a set {z¡} of free generators ofF, such that, ifizx is written

as a word in the yx, then the exponent sum ofy¡ in this word is a(i)jd,for all i = 1,..., n.

Proof. By induction, this easily reduces to the case n = 2, which can be proven

by abelianizing and using Nielsen's results on the two dimensional modular

group [8, p. 4].

Theorem 2. If G is a group of nilpotence class 2, which is a C-group with respect

to a set of generators {xb ..., xn}, where Xx is of finite order m, then G is of exponent

m.

Proof. Since G is a C-group, ordx¡ = ordx; for all i, j=l, ..., n. Let

p = ord (xx, x2). Again, since G is a C-group, p = ord (xx, xj) for all i+j. Consider

(xf, x,). Since G is nilpotent of class 2, this is equal to (x¡, x¡)m. But, since x|" = 1,

it also is equal to 1. Therefore p\m. Also, since G is nilpotent of class 2, the commu-

tator subgroup G ' is generated by the set {(x¡, xj)} and hence any element of G '

is of order which divides p and hence which divides m.

Now consider any element x of G. It can be written in the form

v  _   va(l)va(2), t . Ya(n)r
A   —   "1      "2 Tl ,

where c e G', and where 0 S a(i) < m for all i. Let d be the greatest common divisor

of a(l),..., a(n), and let a*(i) = a(i)/d. Consider the free group F on n generators

yx, ■ ■., yn. Let p be the Nielsen transformation given in Lemma 6. Then

Zx = yl'myl'™- ■ -yl'^w,   where w is in F'.

Let 6 he the homomorphism of F onto G defined by 9(yx)=xx. Let v=9(zx).

Then the Nielsen transformation p maps Xi into v. Therefore, since G is a C-group

with respect to the xt's, vm=l.

From the way that v was defined, x = vdc' where c is in G'. Therefore,

But this is true for an arbitrary x e G.   Q.E.D.
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If there are no relations in G which are not a consequence of the nilpotence or

of the fact that G is of exponent m, then G is a K-group. If there is any other

relation, it can be expressed in the form

va(l)va(2)       . va(n)  _   „
xx   x%    • •   xn     — c,

where ceG' and 0áa(/)</w for all i=l,..., n. (Since G is not abelian, n = 2.)

Of all such relations, consider one in which <*(/,) is minimal.

Claim. In such a relation a(«) = 0.

Proof. If a(«)# 0, then, by the division algorithm, there exist a, r such that

a(l)=aa(n) + r, where O^r<a(«). Performing the Nielsen transformation h~xqitXn

on the relation and cancelling, we get a new relation in which the exponent of x„

is r, which is smaller than <*(«). This is a contradiction, since a(«) was chosen to be

minimal, and so the claim is proven.

Repeating this procedure with <*(« —1), ain-2),..., we eventually arrive at a

relation of the form

(5.1) xl = c= f] (xitXjY™

where 0á/3(í,_/)</> for all i,j=l,..., n, and 0^a<m. Since we are assuming this

is a nontrivial relation, and since a<m, there exists a nonzero /3(i, j), say ß(/0, j0) ¥= 0.

Since i„</0 ,j0 #1.

Case 1. If «2:3, we can find k0^=j0, i0. Performing 8Jo fco on (5.1) and cancelling

(using the Witt-Hall identities and the fact that G is nilpotent) gives the relation

n (xuxkoy^ = i.
i*io

Now io^jo, k0, so performing ShJo on this relation and cancelling gives

(x;o,x,0ro'V = i.

But 0<ßiiQ,j0)<p, so this is impossible. Therefore, we have proven the following

theorem :

Theorem 3. There are no groups of nilpotence class 2, which are CNV groups

with respect to any set of more than 2 generators.

Actually, we have only proven this for finite groups, but the proof of the fact

that there can be no relations of the form

v«(l). . . va(n)  _   „
AX A;j —   C

did not really depend on the finiteness of G, so the theorem holds.

Case 2. If n = 2, then relation (5.1) can be written in the form

(5.2) xa = ix,y)ß,
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where 0<a<m and 0<ß<p. Performing íí2, we get

(5.3) x° = (x,y)-i.

Combining (5.2) and (5.3), we get

(5.4) x2a = 1 = (x, y)2e.

Therefore, m = 2a and p = 2ß. Also, interchanging x and y in (5.2) gives

(5.5) ya = (x,y)-* = (x,yy.

Performing 812 on (5.2) and cancelling, using the nilpotence, results in

(5.6) ycc^yyia-iw =   i

But y" ¿ 1, so (x, y)aUl "1)/2 ¿I, sop does not divide a(a - l)/2.

From (5.2) and (5.5), we see that

(5.7) x" = y,

so we have

i = (ya,y) = (xa,y) = (x,yy,

sop divides a. Let a=pq. \fq is even then 2p divides a and then;? divides a(a—1)/2

which we saw cannot happen. Therefore, q must be odd.

Theorem 4. G is a CNV group of nilpotence class 2, if and only if G has a presenta-

tion of the form

G = (x,y\xm = (x,yf = (x,y, x) = (x,y,y)=l; xm'2 = yml2 = (x,y)»2),

where m = 2pq and q is odd.

Proof. If G is a CNV group it must be on two generators, we know that (5.2)

and (5.5) must hold, with a = m/2 and ß=p/2. Also, as a consequence of (5.2)

and (5.5), we have

(5.8) xml2yml2 =  L

If there are any other relations then, using (5.2), (5.5) and (5.8), they can be ex-

pressed in the form xayb(x,y)c = I where 0 = a<m\2, 0fíb<m¡2 and 0-c<p. If

both a and b are zero, then c must be 0. If either a or b is not zero, then going

through our original argument we get a relation of type (5.2) with a < m\2, which

we saw was impossible. Thus the only if part is proven if G is finite.

Note that equation (5.4) shows that x must be of finite order, and hence that G

must be of finite exponent by Theorem 2 and hence must be finite, since it is

nilpotent. Therefore, the only if part is proven.

Suppose G is of the above form. It is easily checked that if wia, Í2l5 Í22 or S12

acts on {x, y} then it induces an automorphism of G, and so G is a C-group. How-

ever, the mapping x -> x2, y -*■ y does not induce an automorphism, since

y'2 # (x2,yY12 = (x,y)p = 1.

Therefore, G is not a F-group.   Q.E.D.
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Note also, that the group QxB3 does have a presentation of the required type.

As a corollary to Theorem 4, if G is a P-group, then £ must be 2 since m is even.

Therefore,

Corollary.  The only CNV groups of nilpotence class 2 which are P-groups

are 2-groups and have presentations of the form

G = (x,y\ x(2" + I) = (x,y, x) = (x,y,y) = 1; x<2" + 1> = /2"+1» = (x,yf™}.

Theorem 5. Every CNV group of nilpotence class 2 has the quaternion group Q

as a quotient group.

Proof. G must have a presentation of the type given in Theorem 4. Map G -> Q

by x -> u, y -*■ v where

Q = gp(u, v | w4 = (w, t>, «) = («, », y) = 1 ; w2 = t;2 = (w, »)>.

This is clearly a homomorphism onto g-

6. Nilpotence class 3.

Theorem 6. A group G of nilpotence class 3 which is a CNV group with respect

to a set of generators {xx,..., x„}, where xx is of finite order m, is of exponent m.

Proof. Since irl} induces an automorphism of G, ord x¡ = ord x„ for all i, j, so

ord xt = m, for all i. Thus we have

(6.1) x?=l,       i=l,...,«.

Therefore, since G is of nilpotence class 3,

(6.2) 1 = (jtf, Xj, xk) = (x„ x„ x,c)m

for all i,j, k. Performing 8U on (6.1) and cancelling, we get

1 = ixtXj)m = xfxfix„ x7)m{m-1)l2z = (x¡, xJ)m(m-1),2z,

where z e G3 (the third group of the lower central series of G). Conjugating with

xk, we get

(6.3) (xi,xy,x,r(m-1)'2= 1

for all i,j, k. Taking k = i and using Hall's identities, we get

(6.4) 1 = (x?, Xj) = fe XjTix» Xj, x,)"(m-1>/a = (xf, Xj)m

for all i, j. Since G is of nilpotence class 3, the commutator subgroup is abelian

and is generated by the commutators (xf, x¡) and (xi9 xf, xk), where ;'</, íáA:

(we only need i^k because of Witt's identity). Therefore, by (6.2) and (6.4), if

c e G ' then cm = 1. Also G3 is generated by the commutators (x¡, x„ xk), i <j,

ièk, and so, by (6.3), if c' e G3 then (c')m(m_1),2=l. Finally, any element x in G

can be expressed in the form
v  _   Yar(l)va<2). . . va(n)„"
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where Ofüa(i)<m for all i, and c" e G'. By the same argument used in the proof

of Theorem 2, there exists a v in G such that vm=l and x=vdc, where d is the

greatest common divisor of a(l),..., a(n), and ceG'. Therefore,

xm =  („i^m _  vdmcm(vd^ c)m(m-l)/2_

But vdm = (vm)a=l, and cm = l, and (vd, c) e G3, so (vd, c)mim-1)l2 = l. Therefore

xm=l for all x eG.    Q.E.D.

If we define p to be the order of (x¡, x,), q to be the order of (x¡, x¡, x¡), and r

to be the order of (x¡, x¡, xk) where k^i,j (these are easily seen to be independent

of i, j and k), then (6.2), (6.3), and (6.4) show that q\m, r\m, q\m(m—l)¡2,

r\m(m—l)\2, andp\m. Performing Qt7r,y on

(6.5) (xx, x„ xty = 1

shows us that q is also the order of (xt, x¡, x¡).

Must q and r be the same? The answer in general seems to be no, however,

performing 8ki on

(6.6) (x¡, Xj, xk)r = 1,

we see that q\r. On the other hand, performing 8ik on (6.5) and cancelling, we get

(Xk, Xj, Xj) (Xj, Xj, xk) (xk, x¡, xk)   = 1.

But (xk, x¡, xk)" = (xi, xk, xky=l, so

(6.7) (x¡, Xj, xk)  = (Xj, xk, Xj)   = (xk, Xj, x,) ,

the last equality following by symmetry. Therefore,

(Xj, Xj, Xk)      = (Xj, Xj, Xk) (Xj, Xk, Xj) (Xk, Xj, Xj)    =   1

by Witt's identity, since G is nilpotent of class 3. Therefore, r\3q. But^rjr so either

r = q or r= 3q. We will show that if G is a F-group then F must be 2 and so r must

equal q in that case.

Also, taking the commutator of (x¡, x;)p= 1 with xk, we see that q\p and r\p.

Summing up, we have

(6.8) q\r\p\m,       r\m(m—l)\2,       r = q   or   3q.

A relation in G which is not a consequence of the nilpotence, the fact that G

is of exponent m, the definitions of m, p, q and r, (6.7) or (6.8) will be called non-

deducible. Since G is not a F-group, there must be at least one nondeducible

relation in G. It can be expressed in the form

(6.9) xf"-•-xf'c = 1,

where ceG' and where 0 g a(/) < /n for all / = 1,..., n. Using the same trick as in

the case of nilpotence class 2, we find that there must be a nondeducible relation

of the form
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(6.10) xi = c = Y\(xi,x,ri-»   n*   (*i. xi> Xk)HiJ-k\
i<i i<r.iúk

where 0t¿ a < m, 0 ¿ßii, j) <p,Q^ y(i, j, k) <q if í =j or A;, 0 á y(í, j, &) < r otherwise,

and FT* indicates that any reduction possible (in the case r=3q), by virtue of the

fact that ixu Xj, xk)HXi, xk, Xj)q=l, has been made so that, if the exponent of

(x¡, Xj, xk) in (6.10) is a multiple of a, then we may assume that (x¡, xk, xj) does not

appear in (6.10). The fact that (6.10) is nondeducible follows from the fact that if

some a(Z) in (6.9) were nonzero then a would be nonzero and if all <*(/) in (6.9)

were zero, then (6.9) was already of the form (6.10). Since x%^ 1 unless a=0,

and since (6.10) is nondeducible, at least one ß and/or at least one y is not zero.

Let us again consider several cases. We know n^l, since G is not abelian.

Case 1. n = 2.

In this case, (6.10) can be rewritten as

(6.11) yHx,y)Hx,y,xnx,y,yy= 1,

where x = xx, y = x2, 0^a<m, 0^ß<p, 0áy,8<a and at least two of the expo-

nents are nonzero. Performing S12Ü1S1201 on (6.11) and cancelling, we get

(6.12) (*,*j»» = l,

so q\ß. Using this fact, performing Q.xhX2^-i on (6.11) and cancelling gives (x, y, y)y

= 1, so y = 0. Performing Q2 on (6.11) and cancelling gives

y2Hx,y)2ß = 1   and   ix,y,y)26 = F

Performing Q.x on (6.11) and cancelling gives y2a= 1. Therefore,

(6.13) y2a = (x, y)2ß = (x, y, y)20 = 1.

Therefore, a=0 or mj2, ß = 0 or p¡2, S = 0 or a/2, and at most one of them is zero.

Note that this implies that, if G is a £-group, then £=2, since m, p ora must be

even.

Suppose a = 0, then neither ß nor 8 can be zero. Performing S21 on (6.11) and

cancelling, we get

(x, y, y)Hx, y, xf = 1.

But q\ß, so (x,y,y)6 = 1, which cannot be since 0<S<a. Therefore, there are no

nondeducible relations of the form

(6.14) ix,y)Hx,y,xyix,y,yy=l.

The argument here does not depend upon n being 2, so we can use this result for

«>2 also. Anyway, a cannot be zero and hence must be mj2. Performing 7r12 on

(6.11) gives

(6.15) xHx,y)Hx,y,x)° = l.

Clearly, since a = mj2 is the minimal nonzero power of x or y appearing in any
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relation in G (this follows from the manner in which (6.10) was obtained), and since

there can be no nondeducible relations of the form (6.14), any nondeducible rela-

tion in G must be a consequence of (6.11) and (6.15). Conjugating (6.15) by y,

we get

(xa,y)(x,y,yY= 1.

But q\ß, so

1 = (xa, y) = (x, y)"(x, y, x)^""'2.

But this is of form (6.14) and hence must be deducible. Therefore p\a and

q\a(a— l)/2. Performing 812 on (6.15) and cancelling with (6.11) and (6.15), we get

(x v) ~ß ' a(a - 1),2(x v x)a(a -1)(° - 2)/e(x v y)a<a-1'<2û:-1"6 + 'î<1+<,> = l

But q\ß and this is of type (6.14), so p\(ß + a(a-\)ß), q\<x(a- l)(a-2)/6 and

q\a(a— l)(2a— l)/6. Combining (6.11) and (6.15), we get

(6.16) x°ya(x, y, x)%x, y, y)6 = 1.

Putting this all together, we are able to prove the following theorem.

Theorem 7. A group of nilpotence class 3 is a CNV group with respect to a set

{x, y} of two generators if and only if G has a presentation of the form

G = <x, y | xm = ym = (x, y)p = (x, y, x)« = (x, y, y)" = (x, y, x, x)

(6.17) = (x, y, x, y) = (x, y, y, y) = 1 ;

xa(x, y)e(x, y, x)6 = y%x, y)\x, y, y)6 = 1>,

where

q\p\m\2;       a = m\2,       q\ß,       ß = 0 or p\2,       o = 0 or q\2,

q\a(a-l)\2,        q\a(a- l)(a-2)/6,        p\(ß + a(a-l)ß)

and not both ß and 8 are zero.

Proof. We have already proven the only if part if G is finite. If G is not finite,

x is of infinite order and, by (6.13), a = 0 which we saw cannot happen, so the only

if part is proven. Suppose G is of the above type. Consider the substitution replac-

ing x by xy and y by 1 in (6.15). If this substitution did induce an automorphism

of G, we would have

1 = (xyy = xaya(x, y)-aia-1)l2(x, y, xy(a-1)(a-2)(x, y, yyia-1)(2a-iw

= xaya(x,y)~aia-1)l2.

Combining with (6.16), we get

(x, yYa - 1)l2(x, y, x) - \x, y, y) ~ô = 1.

So a(a-l)/2 = 0 and 8 = 0. But /?|(j3 + a(a-l)/2), so ß = 0. But this is impossible,

so G is not a F-group. To show that G is a C-group, it is enough to show that

Cllt Cl2, 7r12 and 812 all induce automorphisms of G when they act on {x, y}. This

is easily seen by performing these Nielsen transformations on the left-hand sides
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of the relations (6.11) and (6.15) and noting that the resulting relators are conse-

quences of the presentation assumed for G. The details will be omitted.    Q.E.D.

Case 2. «2:3.

We have a nondeducible relation of form (6.10) in G, and not all ß's and y's

are zero. If ßiiQ, j0)¥:0, then i0<n. Choosing k0=£i0,j0 and performing 8¡oJío on

(6.10) and cancelling, we get a relation of the type

(6.18)        n (*. *>)*'•" n* (*«>** xk)viu-k) = i •
i < j i < r.i^k

This relation will be nondeducible, since the term (xko, xJ0) will appear with ex-

ponent ßii'ojo), which is not zero. Also, from the method by which (6.18) is ob-

tained, every term appearing involves xfco. Performing 8io ,o on (6.18) and cancelling

results in a nondeducible relation of the form

(6.19) (*ko,*ior'o-'o>=   n* (Xi,x„xk)«"-«\
i <j;i^k

Performing irka,n_-iTrio,n, if necessary [if k0 = n— 1 or i0 = n, omit the corresponding

it], we get a nondeducible relation of form

(6.20) (xn-i,xny=   n* (*„*„**)>«•>•»,

where 0<ß<p, and thus not all the y's can be zero. From the case n = 2, we saw

we cannot have a relation of form (6.14), therefore, there is an ix,j\, kx such that

ix<n—l and y(ix,jx,kx)^0. Similarly, if all ßii,j) are zero in (6.10), then there

exist ix,jx, kx such that ix<n and yii\,jx, kx)^0.

In either of the above cases we do the following. If kx = ix, then 0<y(/1,/1, kx)<q.

Performing SiltJl on (6.20) (or (6.10)) and cancelling results in a relation of the

form

(6.21) YT ixt, x}, Xkr¡-'M = i.
i<i:iS¡k

All terms in (6.21) will involve xtl, and the term (x(l, x}l, xSl) will appear with

exponent y(/i,.A, kf), since it can only result from the term (xil( x;i, xh) in (6.20)

(or (6.10)). Therefore (6.21) will be nondeducible, since

0 < y('i,./i, h) = yikth, kx) < q.

If kx=jx, then, since «2:3, there exists k2¥=ii,ji- Performing 8,lifc¡¡ on (6.20)

(or (6.10)) again results in a nondeducible relation of the form (6.21), this time

because the exponent of (xfc¡¡, xfl, xh) is yi¡x,jx,jx) which is yi¡x,jx, kx) which is

between 0 and a.

If ki¥>h or jx, then 0<y(/1,/, kf)<r. In the case r = 3q, if yi¡x,jx, kx)=q or 2a

then we may assume by our reduction that (x(l, xkl, x;i) does not appear in (6.20)

(or (6.10)). Performing Qh on (6.20) (or (6.10)) and cancelling results in a relation

of the form (6.21) in which the exponent of (xtl, x;i, xfc ) is —2yijx,jx, kx) = 2q or
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4<7^0, and (xXl, xkl, x;i) does not appear. Therefore the relation is nondeducible.

Also, all terms which do appear involve xix.

Finally, if r = q or if, in (6.20) (or (6.10)), y(ix,jx,kx) is not a multiple of q,

performing Sfl fcl, we get a relation of type (6.21) in which the exponent of

(xki, xix, xkl) is y(ix,j\, kx) and which therefore is nondeducible. All terms in this

relation involve xkl.

Thus, if nïï 3 and G has a nondeducible relation, then it has a nondeducible rela-

tion of form (6.21) in which all the terms have a common x¡ for some i(ju k2, iu kx

respectively in the four cases just considered). Renaming the common index i2,

removing the restriction i<j, i^k, using Witt's identity, and then applying 7ri2n,

the relation can be expressed in the form

(6.22) Yl(xn,Xj,xkr'-» = l,

where 0áy(/ k)<q or r (whichever is appropriate) and if r = 3q and y(j, k)=q or

2q then y(k,j) = 0, and not all y's are 0.

If there is a pair j3, k3, neither equal to n — 1, for which y(j3, k3) # 0, then per-

forming 8;-3>n_ x on (6.22) and cancelling results in a new relation of the form (6.22)

in which all the commutators appearing have n and n— 1 among their subscripts.

The exponent of (xn, x„_i, xk3) is y(j3, k3) and even if the term (xn, xk3, xn_x) does

appear, its exponent is y(k3,j3) and so the relation is nondeducible.

Thus in any case we have a nondeducible relation of the form (6.22), in which

every commutator involves both xn and xn-x. We know from the case n = 2 that

not all commutators can involve only xn and xB_i, otherwise we would have a

relation of form (6.14). Therefore, there is a commutator of the form (x„, xB_i, xki)y

or (x„, xki, xn_x)y appearing in (6.22), where A:4#n— 1, n and 0<y<r.

If r=q or r = 3q but y is not a multiple of q, then performing 8fc4>n _ x and cancelling

results in a nondeducible relation involving only xn and xn_j., which is impossible.

If y=q or 2q then not both of the terms (xn, xki, xn_x) and (x„, xB_ls xki) can

occur, and so performing Qki and cancelling results in the relation

(xn, xki, xn_j)    =1    or   (xn, xn_i, xki)    = 1,

both of which are impossible since 2y = 2q or 4q and is not divisible by r.

Therefore, we have shown that if G contains any nondeducible relation, we have a

contradiction, and have thus proven the following theorem.

Theorem 8. There are no groups of nilpotence class 3 which are CNV groups with

respect to a set ofin^3 generators.

Corollary. The only P-groups of nilpotence class 3 which are CNV groups

must have presentations of the form (6.17), where

m = 2U + V + W + 1,       p = 2U + V,       q = 2U,       a = 2U + V + W,       u = 1,

v, w^O,       v + w^l,       ß = 0iffw^l,

ß = 2tt+»-1 ifw = 0,       S = Ofli-2"-1 and S = 2U~X if w ^ 1.
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Proof. We have shown that the only CNV groups of nilpotence class 3, must have

presentations of form (6.17) and that if they are £-groups the £ must be 2. Since

q\m, a is a power of 2, say q = 2u. Since the group is not nilpotent of class 2, a#l,

so u 2:1.

a dividesp sop = 2u + v, y 2:0.

p divides a = m¡2 so a = 2u + v+w, w = 0 and then m = 2u + v + w + 1 and ß = 0 or

p¡2=2u+v-1.

q divides ß, so if ß + 0 then v— l_0sot>_l.

a divides a(a—1)/2 but (a- 1) is odd so v+w— ISîO or t>+w_l.

/? divides j8 + a(a- l)/2.

If ir2:1 then /?|a/2 so /?|a(a-1)/2 and p\ß. But then ß = 0. Conversely if ß = 0,

p\ß so p\aia-l)j2 so/? | a/2 since (a-1) is odd and so w 2:1. I.e. ß = 0 if and only if

w2:l. Finally, 3 = 0 ora/2 = 2"-1. If w2:1 then ß = 0 so S^O so 8=2"-1. Putting

this all together, we get the corollary.

Theorem 9. Every CNV group of nilpotence class 3 has the quaternions as a

quotient group.

Proof. Using the presentation given in the corollary map x -> U, y -> V where

Q = <£, V | £* = (£/*, K, £/) = (£/, K, K) = 1, U2 = (£, F)>.

This is easily seen to be a homomorphism.

7. Nilpotence class 2:4. On the basis of §§5 and 6, we are led to conjecture that

in general there are no nilpotent CNV groups with respect to sets of at least three

generators, and that the only possible CNV groups that are £-groups occur for

£ = 2.

Because of the possibility of the existence, in the general case, of relations about

which we might not be aware, these questions seem to be more difficult.
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