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Abstract. In this paper, we study nilpotent groups which are quotient groups of
finitely generated free groups with respect to characteristic but nonverbal subgroups.
We show that there are no abelian groups of the type in question. We also show that
all such groups of nilpotence class 2 or 3 are finite and have minimal sets of two
generators. In fact, formal presentations for all such groups are given.

The direct product of two finite CNV groups (as the groups in question will be
called) which have minimal sets of generators of the same size is shown to again be a
CNYV group, provided that the orders of the original two groups are relatively prime.
Conversely, if a finite CNV group is a direct product of groups of relatively prime
orders, then at least one of these direct factors is a CNV group. Several other related
results are also obtained.

1. Introduction and summary. It is well known that every verbal subgroup of
any group is fully invariant, that every fully invariant subgroup is characteristic,
and that every characteristic subgroup is normal. It is also known that every fully
invariant subgroup of a free group is verbal [6, Theorem 12.34, p. 5]. It is natural
to ask whether every characteristic subgroup of a free group is fully invariant
and hence verbal. The answer is no, but very few examples to the contrary are
known. B. H. Neumann [5, Theorem 2.3, p. 145] conjectured that characteristic
subgroups of free groups of infinite rank are fully invariant. D. E. Cohen [1, p. 445]
proved a corresponding conjecture for free abelian-by-nilpotent groups of countable
rank. As far as finitely generated free groups are concerned, we are aware of only
three known examples of characteristic but not fully invariant subgroups: The
classic example is the subgroup of a free group of rank 2, which gives rise to the
quaternions as its quotient group [5, p. 146]; Neumann [5, p. 150] also mentions
an example due to MacDonald—the characteristic closure of x§ in the free group
of rank three; Cohen [1, p. 448] gives an example of a characteristic but not fully
invariant subgroup of a free metabelian group. As far as we know, only the first
of these examples gives rise to a finite quotient group.
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In the present paper, we will study finite nilpotent CNV groups, where a CNV
group is a group which is the quotient of some free group with respect to a charac-
teristic but not verbal subgroup. In particular, we will show the following:

1. An abelian group is not a CNV group.

2. A finitely generated nilpotent CNV group of class 2 or 3 must be finite, must
have a minimal set of two generators, and must have a quotient group isomorphic
with the quaternions. Presentations for such groups are given.

3. The direct product of finite CNV groups of pairwise relatively prime orders
is a finite CNV group; and, conversely, if the direct factors of a finite CNV group are
of pairwise relatively prime order, then at least one of them is a finite CNV group.

The author of this paper would like to express his appreciation to Wilhelm
Magnus for the discussions he has had with him in connection with this problem.

2. Notation and preliminaries. For the purposes of word economy, we will call
a group G which is isomorphic to the quotient of a free group with respect to some
characteristic subgroup a C-group. If G~F/C and y,,...,y, generate F, then
X1, ..., X, generate G, where x; is the image of the coset y;+ C under the iso-
morphism. Performing any Nielsen transformation on the x;’s must give rise to an
automorphism of G, since the corresponding Nielsen transformation on the y;’s
gives rise to an automorphism of F, and C is characteristic. Conversely, if a group
G has a set of generators with respect to which all Nielsen transformations induce
automorphisms, then the group is the quotient group of a free group with respect
to a characteristic subgroup. Thus a group G will be called a C-group if it has some
set of generators with respect to which all Nielsen transformations induce auto-
morphisms of G.

Note the signficance of the words ““some set of generators.” It is known that there
are groups which possess two different minimal sets of generators such that neither
can be derived by performing a Nielsen transformation on the other—not even
by first returning to the underlying free group [9, Theorem 1, p. 228]. Thus it is
possible that a group be a C-group with respect to one set of generators, but not
with respect to another. Whether or not there is a group in which this can actually
happen is still an open question. It is also unknown whether a group can be a
C-group with respect to a set of generators of nonminimal size.

A group G, which is the quotient group of some free group with respect to some
verbal subgroup will be called a V-group. Here, clearly, the choice of a presentation
for G plays no role.

A group which is a C-group but not a V-group will be referred to as a charac-
teristic-nonverbal group or a CNV group for short.

The notation (a, b) will be used to denote the commutator a~*b~'ab of a and b.

The following procedure will be used constantly throughout this paper.

Suppose G is generated by x;, . . ., x, and we have relations

Ryxy, ..., xp) = 1, j=1...,m
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Suppose p is a Nielsen transformation taking X, ..., X, Into i, ya, ..., V.
Then by “performing the Nielsen transformation p on Ry(xy, ..., x,) and cancel-
ling,” we will mean considering

Ri(yla ] yn)[Ri(xl, LR xn)]—l = 1
possibly using the relations

Ri(xy,...,x,) =1, j=1...,m
to simplify.

For example, if G={x, z | x2z2=(x, z)=1), and p is the Nielsen transformation
leaving z fixed and taking x into xz, then performing p on x222=1 and cancelling
gives (xz)%z%(z 2x~?)=1 or, on simplifying [using (x, z)=1], z2=1.

Sometimes we will just ““ perform the Nielsen transformation p on Ri(xy, . . ., X,)
without cancelling, meaning we will consider Ry(yy, ..., y,)=1.

If G is a C-group with respect to the set of generators xy, . . ., X, and R(xy, . . ., X,)
=1 is any relation which holds in G, then performing any Nielsen transformation
on R, with or without cancellation, must result in a relation which holds in G.
Also, performing a Nielsen transformation on this new relation gives yet another
relation and so on.

This is the technique we will use.

The group of Nielsen transformations on the set {xi, . .., x,} is generated by the
following particular Nielsen transformations [7]:

i3

e Xy —> Xjs

X;—> X;,

Xy = Xig» k #1,j,
Qi x; — x4,

X; —> X;j, j#I

and

8t X; — X, X5

X —> Xy k # i,

for 12i<j<n, 1 <k <n. Therefore, to see if a group G is a C-group with respect
to a particular set of generators, it is enough to see that each of the elementary
Nielsen transformations given above, when applied to the set of generators in
question, induces an automorphism of G.

If M and N are Nielsen transformations, then MN will denote the Nielsen
transformation of first applying N and then applying M to the result.

Finally, in the course of simplifying relations, we will frequently make use of
Hall’s identities [2, p. 43]:

(a’ b)(b’ a) =1,
(a’ bC) = (a, c)-(a, b)'(a’ b’ C),
(a-b,¢) = (a,¢)(a,c,b)(b,c)
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and of a weak form of a consequence of Witt’s identity [4, Theorem 5.3, p. 2931—
namely that if G, represents the kth group of the lower central series of G, and if
aeG,, be Ggand c e G, then

(a, ba C)'(b, c, a)~(c, a, b) € Gr+s+t+ 1
3. Direct products.

LemMA 1. If K is a finite CNV group with respect to some set of n generators,
and if H is a C-group with respect to a set of n generators, and if (K|, |H|)=1
(i.e., if the order of K and the order of H are relatively prime), then Kx H is a CNV
group with respect to a set of n generators.

Proof. Suppose {ki, ..., k,} and {hy, ..., h,} are the sets of generators in ques-
tion, for K and H respectively. Then {k,h,, ..., k.h,} generates Kx H. If u is a
Nielsen transformation such that

(31) /"({xl, sy xn}) = {I"l(xl, sy xn), sy [J.,,(Xl, sy xn)}

then

:U'({klhb EEIEE] knhn}) = {:u'l(kh RS kn)au'l(hb .. ',hn), ey ,un(kla CEEEEY kn)l"n(hl, o -9hn)}

since k; and h; commute. But then this is an automorphism of Kx H, since
w(ky, . . ., ky}) is an automorphism of K and u({hy, ..., h,}) is an automorphism
of H and since

[/ A (ST, 731 ( PRI 2y RO T (ST () N (TR N
= gp<lu'l(kla cey kn)a B F'n(kls LS ] kn)> Xgp<”'1(h19 RRRE hn), R ,U'n(hl, S hn)>

Therefore, K x H is a C-group.

On the other hand, since K is nonverbal, there exists a relation R(k4, ..., k,)=1
in K, and elements u;=wy(k,, ..., k,), i=1,..., nin K, such that R(u,, ..., u,)#1.
Consider the relation in Kx H given by

R(kyhy, . . ., koha) = [Rikihy, . .., kahy)]H!
= [Rky, .., K)IHR(yy, . y)1H =11
But

R(wi(klhl’ RRE knhn), sy wn(klhh ey knhn))
= R(uy, .. s ) TIRWihy, . oo b))y ooy walhy, oo B )Y = R(uy, ..., ) # 1

since (|H|, |K|)=1. Therefore, K x H is not a V-group. Q.E.D.

This lemma leads us to new CNYV groups. In particular, since B3 (the Burnside
group of exponent 3) is a two generator C-group, Q x B; is a CNV group. It has
the following presentation

OxBy =<x,y|x?=(x,9,%) = (x,,9) = 1; x5 = y° = (x,y)*).
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We will show that any two generator CNV group must have a presentation of a
similar nature.

LemMA 2. If G=H x K is a finite C-group with respect to a set of n generators,
and if (|H|, |K|)=1, then H and K are both C-groups, each with respect to sets of n
generators.

Proof. Suppose {g,,..., g} is the set of generators of G in question. Since
G=HxK, gi=hk;,i=1,...,nand {hy, ..., h,}, {ky, ..., k,} are sets of generators
for H and K respectively. Suppose R(#y,..., h,)=1 is a relation holding in H,
and suppose p is any Nielsen transformation given as above by (3.1). Then, to
show that H is a C-group, it is enough to show that

R(uy(hyy o ooy hy)s oo oy pin(hy, ..o, hy)) = 1.
Consider the relation in G given by
R(gy,....8) = [R(gy, ..., g)IE' = [R(hy, . .., h)VE'[Rky, . . ., k)IE = 1.
Since G is a C-group

R(I"l(gl’ SRS gn)’ sy f"n(gls sy gn)) =1L
But this is just

R(F'l(hla L] hn).u‘l(kl, CEE] kn), R I"n(hly ceey hn):l"'n(kla REE] kn))
= [R(/"'l(hla sy hn)’ cees /"'n(hla cees hn))]lK‘[R(F’l(kh B kn)a ey /"n(kly .. -,kn))]lxl
= [R(I"'l(hh ceey hn), ] /"n(hl, YY) hn))]"“-

But, since (|H|, |K|)=1, this can=1 only if
R(/"l(hls P () RPN TN ( T hy) =1

which is what had to be proved. Therefore, H is a C-group. The proof for K is
analogous.

LemMma 3. If (|H|, |K|)=1, and H and K are finite V-groups, then so is H x K.

The proof of Lemma 3 will be omitted, as it involves only a simple application
of the techniques used in the proofs of Lemmas 1 and 2.
As a direct consequence of Lemmas 2 and 3, we have the following:

LemMma 4. If G=H x K is a finite CNV group, and (|H|, |K|)=1, then at least
one of H and K is a finite CNV group.

Applying Lemmas 1 and 2, we get the converse of Lemma 3, namely

LemMA 5. If G=H x K is a finite V-group and (|H|, |K|)=1, then H and K are
both finite V-groups.

Lemmas 4 and 5 tell us that, in order to find all nilpotent finite CNV groups,
it is enough to find all finite P-groups which are CNV groups or V-groups.
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4. The abelian case.

THEOREM 1. There are no abelian CNV groups.

Proof. Levi [3, Satz 2, p. 911 proved that every characteristic subgroup of a
free group F which contains the commutator subgroup F’ is the subgroup of F
generated by the commutators and the mth powers of all elements of F, for some m.
Such a subgroup is verbal. Therefore, since any abelian C-group is the quotient
group of a free group with respect to a characteristic subgroup which contains F’,
every abelian C-group is a V-group.

5. Nilpotence class 2.

LeMMA 6. If Fis a free group on free generators {y,, ..., yn}, and if (1), . . ., a(n)
are integers whose greatest common divisor is d, then there exists a Nielsen trans-
formation p taking {y;} into a set {z;} of free generators of F, such that, if z, is written
as a word in the y;, then the exponent sum of y; in this word is «(i)/d, for alli=1, . . ., n.

Proof. By induction, this easily reduces to the case n=2, which can be proven
by abelianizing and using Nielsen’s results on the two dimensional modular
group [8, p. 4].

THEOREM 2. If G is a group of nilpotence class 2, which is a C-group with respect

to a set of generators {x,, . . ., X,}, where x, is of finite order m, then G is of exponent
m.

Proof. Since G is a C-group, ord x;=ord x; for all i, j=1,..., n. Let
p=ord (x;, x,). Again, since G is a C-group, p=ord (x;, x;) for all i#j. Consider
(x", x,). Since G is nilpotent of class 2, this is equal to (x;, x;)™. But, since x"=1,
it also is equal to 1. Therefore p|m. Also, since G is nilpotent of class 2, the commu-
tator subgroup G’ is generated by the set {(x;, x;)} and hence any element of G’
is of order which divides p and hence which divides m.

Now consider any element x of G. It can be written in the form

x = x‘f“’x;‘z’- . ,x%(n)c,

where ¢ € G’, and where 0 < (i) <m for all i. Let d be the greatest common divisor
of a(1), ..., «(n), and let a*(i)=a(i)/d. Consider the free group F on n generators
Y1, -+ .5 Vu. Let u be the Nielsen transformation given in Lemma 6. Then

z; = yFOye@. .. y@*my, - where w is in F'.

Let 6 be the homomorphism of F onto G defined by 6(y;)=x;. Let v==0(z,).
Then the Nielsen transformation u maps x; into v. Therefore, since G is a C-group
with respect to the x;’s, v™=1.
From the way that » was defined, x=wv¢c’ where ¢’ is in G'. Therefore,
x™ = (0% = vime’™ = (V™)Hc )" = 1.

But this is true for an arbitrary x € G. Q.E.D.
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If there are no relations in G which are not a consequence of the nilpotence or
of the fact that G is of exponent m, then G is a V-group. If there is any other
relation, it can be expressed in the form

xc{(l)xg(Z), . 'XZ(") =c,

where ce G’ and 0= «(i)<m for all i=1, ..., n. (Since G is not abelian, n=2.)

Of all such relations, consider one in which «(n) is minimal.

Claim. In such a relation «(n)=0.

Proof. If «(n)#0, then, by the division algorithm, there exist g,  such that
a(1)=qo(n)+r, where 0<r <«(n). Performing the Nielsen transformation §;;%r,,
on the relation and cancelling, we get a new relation in which the exponent of x,
is r, which is smaller than «(n). This is a contradiction, since «(n) was chosen to be
minimal, and so the claim is proven.

Repeating this procedure with a(n—1), «(n—2),..., we eventually arrive at a
relation of the form

(5.1) X =c¢= H (x;, x,)P0P

i<j

where 0= 8(i, j)<p for all i, j=1, ..., n, and 0 <« <m. Since we are assuming this
is a nontrivial relation, and since « < m, there exists a nonzero (i, ), say B(io, jo) #0.
Since iy <jo, jo#1.

Case 1. If n23, we can find k, # i, io. Performing 8, ,, on (5.1) and cancelling
(using the Witt-Hall identities and the fact that G is nilpotent) gives the relation

I_I (xi, Xip )00 = 1.

i#jo
Now iy #jo, ko, so performing §;  ;, on this relation and cancelling gives
(g0 Xieg)P090 = 1.

But 0 < B(io, jo) <p, so this is impossible. Therefore, we have proven the following
theorem:

THEOREM 3. There are no groups of nilpotence class 2, which are CNV groups
with respect to any set of more than 2 generators.

Actually, we have only proven this for finite groups, but the proof of the fact
that there can be no relations of the form

(1) (n) —
x‘i ...x‘:‘")_c

did not really depend on the finiteness of G, so the theorem holds.
Case 2. If n=2, then relation (5.1) can be written in the form

(5'2) X% = (x’ y)B’
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where 0 <a<m and 0<B<p. Performing Q,, we get

(5.3) x* = (x,y)" 5

Combining (5.2) and (5.3), we get

(5.4 x% =1 = (x, y)?-.

Therefore, m=2« and p=28. Also, interchanging x and y in (5.2) gives
(5:3) ¥ =" =y’

Performing &,, on (5.2) and cancelling, using the nilpotence, results in
(5.6) ya(x, y)a(a—l)lz —_ 1.

But y*#1, so (x, y)*@~ /21, so p does not divide o(x—1)/2.
From (5.2) and (5.5), we see that

(5.7) x* = y°,
so we have
1=0%y) =%y = (x5

so p divides «. Let a=pq. If g is even then 2p divides « and then p divides a(e— 1)/2
which we saw cannot happen. Therefore, ¢ must be odd.

THEOREM 4. G is a CNV group of nilpotence class 2, if and only if G has a presenta-
tion of the form

G=Xxy|x"=(xp)P=0@xpx)=(xyp=1x"=y"2=(x,y)P?,
where m=2pq and q is odd.

Proof. If G is a CNV group it must be on two generators, we know that (5.2)
and (5.5) must hold, with «=m/2 and 8=p/2. Also, as a consequence of (5.2)
and (5.5), we have

(5.8) xm2ymiz = 1,

If there are any other relations then, using (5.2), (5.5) and (5.8), they can be ex-
pressed in the form x%y(x, y)°=1 where 0<a<m/2, 0£b<m|2 and 0Zc<p. If
both a and b are zero, then ¢ must be 0. If either a or b is not zero, then going
through our original argument we get a relation of type (5.2) with « <m/2, which
we saw was impossible. Thus the only if part is proven if G is finite.

Note that equation (5.4) shows that x must be of finite order, and hence that G
must be of finite exponent by Theorem 2 and hence must be finite, since it is
nilpotent. Therefore, the only if part is proven.

Suppose G is of the above form. It is easily checked that if 75, Q;, Q; or 85
acts on {x, y} then it induces an automorphism of G, and so G is a C-group. How-
ever, the mapping x — x2, y — y does not induce an automorphism, since

yEE (3 yPR = (x, 3P = 1.
Therefore, G is not a V-group. Q.E.D.
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Note also, that the group Q x B; does have a presentation of the required type.
As a corollary to Theorem 4, if G is a P-group, then P must be 2 since m is even.
Therefore,

COROLLARY. The only CNV groups of nilpotence class 2 which are P-groups
are 2-groups and have presentations of the form

G=<xp| XD =(x,p,x) = (x,p,p) = 1; x@*D = y@*H = (x, )@,

THEOREM 5. Every CNV group of nilpotence class 2 has the quaternion group Q
as a quotient group.

Proof. G must have a presentation of the type given in Theorem 4. Map G — Q
by x — u, y — v where

0 = gplu,v|ut =, v,u) = (u,v,0) = 1; u2 = v? = (u, V).
This is clearly a homomorphism onto Q.
6. Nilpotence class 3.

THEOREM 6. A group G of nilpotence class 3 which is a CNV group with respect
to a set of generators {x, . .., x,}, where x, is of finite order m, is of exponent m.

Proof. Since =;; induces an automorphism of G, ord x;=ord x,, for all i, j, so
ord x;=m, for all i. Thus we have

6.1) xt =1, i=1,...,n
Therefore, since G is of nilpotence class 3,
6.2) 1 = (X", x5 X)) = (X3, X5, X3)™
for all i, j, k. Performing §;; on (6.1) and cancelling, we get
1= ()™ = xPx7(x,, x)™" D2z = (x;, x;)™m = Vi2g,

where z € G; (the third group of the lower central series of G). Conjugating with
Xy, We get

(6.3) (xi, x5, X)W D12 = 1
for all i, j, k. Taking k=i and using Hall’s identities, we get
(6.4) 1= (xP, x;) = (x5, x)"(x, X5 )"~ V2 = (x;, x,)"

for all 4, j. Since G is of nilpotence class 3, the commutator subgroup is abelian
and is generated by the commutators (x;, x;) and (x;, x;, x,), where i<j, i<k
(we only need i<k because of Witt’s identity). Therefore, by (6.2) and (6.4), if
ce G’ then ¢"=1. Also G is generated by the commutators (x;, x;, x,), i <J,
i<k, and so, by (6.3), if ¢’ € G, then (¢')"™~1/2=1. Finally, any element x in G
can be expressed in the form

X = xt{(l)xg(z). . ~x£‘,"‘)c”
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where 0 < «(i)<m for all i, and ¢” € G’. By the same argument used in the proof
of Theorem 2, there exists a v in G such that v™=1 and x=wv%, where d is the
greatest common divisor of «(1), .. ., «(n), and ¢ € G'. Therefore,

xm = (Udc)m —_ vdmcm(vd’ C)m(m—l)/z'

But vi"=(v™)¢=1, and ¢"=1, and (v9 ¢) € G3, so (v¢, c)™™ V2=1, Therefore
x"=1forall xe G. Q.E.D.

If we define p to be the order of (x,, x;), g to be the order of (x;, x;, x;), and r
to be the order of (x;, x;, x)) where k #1, j (these are easily seen to be independent
of i, j and k), then (6.2), (6.3), and (6.4) show that g|m, r|m, q|m(m—1)/2,
r|m(m—1)/2, and p|m. Performing Qm;; on

(65) (xi’ Xjs xi)q =1

shows us that ¢ is also the order of (x;, x;, x;).
Must g and r be the same? The answer in general seems to be no, however,
performing §,; on

(6.6) (i, x5, x)" =1,
we see that g|r. On the other hand, performing 8, on (6.5) and cancelling, we get
(s X5 X)X X5y Xi) 3 (X, X35 Xi)? = 1.
But (x;, x;, x)?'=(x;, X, X,) =1, so
6.7 (xi, X X)) = (X5, Xpp X0)T = (X X35 X;)%
the last equality following by symmetry. Therefore,
(xis X5 X)°0 = (Xiy X5 X)Xy Xy X2) (X5 X35 X5)* = 1

by Witt’s identity, since G is nilpotent of class 3. Therefore, r|3g. But g|r so either
r=q or r=3¢q. We will show that if G is a P-group then P must be 2 and so r must
equal g in that case.
Also, taking the commutator of (x;, x;)?=1 with x,, we see that g|p and r|p.
Summing up, we have

(6.8) glrlplm,  rlm(m—1)2, r=gq or 3q.

A relation in G which is not a consequence of the nilpotence, the fact that G
is of exponent m, the definitions of m, p, g and r, (6.7) or (6.8) will be called non-
deducible. Since G is not a V-group, there must be at least one nondeducible
relation in G. It can be expressed in the form

6.9) XEW. L xE®e = ]

where ¢ € G’ and where 0= o(i)<m for all i=1, ..., n. Using the same trick as in
the case of nilpotence class 2, we find that there must be a nondeducible relation
of the form
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(6.10) Xp=C= H (xi, x,)P40 H* (1 X5 X,6)7HIR,

i<j i<jiisk

where 0= a<m, 0=8(i, j)<p, 0=v(i, j, k) <qif i=j or k, 0=y(i, j, k) <r otherwise,
and [ T* indicates that any reduction possible (in the case r=3q), by virtue of the
fact that (x;, x;, x,.)%(x;, Xx, X;)?=1, has been made so that, if the exponent of
(xi, xj, X;;) in (6.10) is a multiple of ¢, then we may assume that (x;, x;, x;) does not
appear in (6.10). The fact that (6.10) is nondeducible follows from the fact that if
some o(i) in (6.9) were nonzero then « would be nonzero and if all «(i) in (6.9)
were zero, then (6.9) was already of the form (6.10). Since x¢5#1 unless «=0,
and since (6.10) is nondeducible, at least one 8 and/or at least one y is not zero.

Let us again consider several cases. We know n# 1, since G is not abelian.

Case 1. n=2.

In this case, (6.10) can be rewritten as

(6°11) ya(x, y)B(x’ Vs x)'y(x’ s y)é = la

where x=x,;, y=x,, 0Sa<m, 02B<p, 0=y,6<q and at least two of the expo-
nents are nonzero. Performing 8,,Q;8,,Q, on (6.11) and cancelling, we get

(6.12) ey p)f =1,

s0 g|B. Using this fact, performing Q,87;'Q; on (6.11) and cancelling gives (x, y, y)’
=1, so y=0. Performing Q, on (6.11) and cancelling gives

yx,y)* =1 and (x,»,5)* =1
Performing Q; on (6.11) and cancelling gives y2*= 1. Therefore,
(613) y2a = (x’ y)2ﬁ = (x, s y)26 =L

Therefore, «=0 or m/2, B=0 or p/2, §=0 or ¢/2, and at most one of them is zero.
Note that this implies that, if G is a P-group, then P=2, since m, p or ¢ must be
even.

Suppose «=0, then neither B nor 8 can be zero. Performing 8,, on (6.11) and
cancelling, we get

(x’ s y)ﬁ(x’ s x)d =L

But ¢|B, so (x, y, y)’=1, which cannot be since 0 < 8 <gq. Therefore, there are no
nondeducible relations of the form

(6'14) (xa y)B(xs Vs x)y(x, Ys y)é =L

The argument here does not depend upon » being 2, so we can use this result for
n>2 also. Anyway, « cannot be zero and hence must be m/2. Performing =, on
(6.11) gives

(6.15) x(x, y)B(x’ e x)6 =1

Clearly, since a=m/2 is the minimal nonzero power of x or y appearing in any
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relation in G (this follows from the manner in which (6.10) was obtained), and since
there can be no nondeducible relations of the form (6.14), any nondeducible rela-
tion in G must be a consequence of (6.11) and (6.15). Conjugating (6.15) by y,
we get
(x% y)(x, », y)B =1
But ¢|8, so
1 = (X“, y) — (X, y)a(x’ Vs x)a(a—l)/z.

But this is of form (6.14) and hence must be deducible. Therefore p|e and
g|e{—1)/2. Performing 8,5 on (6.15) and cancelling with (6.11) and (6.15), we get

(x, y) -B-alx- 1)/2(x’ )2 x)a(a = 1)a - 2)/6(x’ ¥, y)a(a -D@2a-1)/6+8(1+a) — 1.

But g|B and this is of type (6.14), so p|(B+a(x—1)/2), g|e(a—1)(«—2)/6 and
g|e(e—1)(2e—1)/6. Combining (6.11) and (6.15), we get

(6.16) xy4(x, y, x)%(x, ¥, )’ = 1.
Putting this all together, we are able to prove the following theorem.

THEOREM 7. A group of nilpotence class 3 is a CNV group with respect to a set
{x, ¥} of two generators if and only if G has a presentation of the form

G=<x,y I xXm =yt = (xay)p = (x,y,x)! = (x’y’y)q = (x,y,x,x)
(6.17) =(x,y,x,9) = x5y =1;
x*(x, y)ﬂ(xa Y, x)6 = y*(x, y)B(x9 Vs y)6 =13,
where
glpim(2;  «=m[2, q|B, B=0orp2, 3=0o0rgqf2,
gla(e—1)/2,  glaele—1D(@=2)/6,  p|(B+ala—1)/2)

and not both B and § are zero.

Proof. We have already proven the only if part if G is finite. If G is not finite,
x is of infinite order and, by (6.13), «=0 which we saw cannot happen, so the only
if part is proven. Suppose G is of the above type. Consider the substitution replac-
ing x by xy and y by 1 in (6.15). If this substitution did induce an automorphism
of G, we would have

L= (xp)* = x%%(x, )= V3(x, y, x)*@ 7D Dx, y, yyre - DEDE
= xaya(x’ y)—a(a—l)l2'

Combining with (6.16), we get

(x, p)e=12(x, y, x)~%x, y, ¥) 0 = L.

So a(e—1)/2=0 and §=0. But p|(B+a(x—1)/2), so B=0. But this is impossible,
so G is not a V-group. To show that G is a C-group, it is enough to show that
Q,, Q,, m 5 and 8, all induce automorphisms of G when they act on {x, y}. This
is easily seen by performing these Nielsen transformations on the left-hand sides
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of the relations (6.11) and (6.15) and noting that the resulting relators are conse-
quences of the presentation assumed for G. The details will be omitted. Q.E.D.
Case 2. nz3.
We have a nondeducible relation of form (6.10) in G, and not all 8’s and y’s
are zero. If B(io, jo) #0, then io <n. Choosing ko#io, jo and performing §; ,, on
(6.10) and cancelling, we get a relation of the type

6.18) TT G TT* (i e 3y = 1,
i<j i<jiisk

This relation will be nondeducible, since the term (xy,, x;,) will appear with ex-
ponent B(iy, jo), which is not zero. Also, from the method by which (6.18) is ob-
tained, every term appearing involves x,,. Performing 8, ; on (6.18) and cancelling
results in a nondeducible relation of the form
(6.19) (i )7090 = T T* (5 x50 27070,

1<jisk
Performing m, ,_1m;, ., if necessary [if k,=n—1 or iy=n, omit the corresponding
w], we get a nondeducible relation of form

(6.20) (Xn-1, X2)P = 1—[* (x1, Xj5 X )78,
i<jiisk

where 0 <8 <p, and thus not all the y’s can be zero. From the case n=2, we saw
we cannot have a relation of form (6.14), therefore, there is an iy, ji, k, such that
iy<n—1 and y(i, j,, k1)#0. Similarly, if all B(i, j) are zero in (6.10), then there
exist iy, j;, k; such that iy <n and y(iy, jy, k1) #0.

In either of the above cases we do the following. If k, =1;, then 0 <y(iy, j1, k;) <q.
Performing §;, ;, on (6.20) (or (6.10)) and cancelling results in a relation of the
form

(6.21) T T* oo 3,0 3700 = 1

i<jiisk
All terms in (6.21) will involve x;,, and the term (x;, x;,, x;,) will appear with
exponent y(iy, jy, k1), since it can only result from the term (x;, x;,, x;,) in (6.20)
(or (6.10)). Therefore (6.21) will be nondeducible, since

0 < ¥(iy, j1, ) = ¥(iy, j1, k1) < q.

If k,=j,, then, since nz3, there exists k,#1i,, j,. Performing 8.k, on (6.20)
(or (6.10)) again results in a nondeducible relation of the form (6.21), this time
because the exponent of (xy,, x,,, X;,) is (i1, j1, j1) Which is y(iy, ji, k;) which is
between 0 and q.

If ky#1i; or ji, then 0<y(iy, jy, ky) <r. In the case r=3q, if ¥(iy, j., k;)=q or 2q
then we may assume by our reduction that (x;,, x,, x;,) does not appear in (6.20)
(or (6.10)). Performing €;, on (6.20) (or (6.10)) and cancelling results in a relation
of the form (6.21) in which the exponent of (x;,, x;,, Xx,) is —2y(iy, j, k1)=2q or
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4g+#0, and (x;,, X, x;,) does not appear. Therefore the relation is nondeducible.
Also, all terms which do appear involve x;,.

Finally, if r=q or if, in (6.20) (or (6.10)), y(i1, j1, k,) is not a multiple of g,
performing §; ,,, we get a relation of type (6.21) in which the exponent of
(Xk,> X5y, Xi,) 18 Y(i1, j1, k1) and which therefore is nondeducible. All terms in this
relation involve xy,.

Thus, if n= 3 and G has a nondeducible relation, then it has a nondeducible rela-
tion of form (6.21) in which all the terms have a common x; for some i (jy, ko, i1, k1
respectively in the four cases just considered). Renaming the common index i,
removing the restriction i<j, i<k, using Witt’s identity, and then applying =;,,,
the relation can be expressed in the form

(6.22) [ T Gens x5 3790 = 1,
7.k

where 0= y(j, k) <q or r (whichever is appropriate) and if r=3q and y(j, k)=q or
2q then y(k, j)=0, and not all y’s are 0.

If there is a pair j,, k3, neither equal to n—1, for which y(Js, k3)#0, then per-
forming §;, ,_; on (6.22) and cancelling results in a new relation of the form (6.22)
in which all the commutators appearing have n and n—1 among their subscripts.
The exponent of (x,, x,_1, Xi;) is ¥(Js, k3) and even if the term (x,, xy,, X,_) does
appear, its exponent is y(ks, j3) and so the relation is nondeducible.

Thus in any case we have a nondeducible relation of the form (6.22), in which
every commutator involves both x, and x,_;. We know from the case n=2 that
not all commutators can involve only x, and x,_;, otherwise we would have a
relation of form (6.14). Therefore, there is a commutator of the form (x,, x, -1, X,)”
or (X, Xy,, Xn—1)" appearing in (6.22), where k,#n—1,nand O<y<r.

If r=g or r=3g but y is not a multiple of ¢, then performing 8y, ,-, and cancelling
results in a nondeducible relation involving only x, and x, _;, which is impossible.

If y=gq or 2q then not both of the terms (x,, xx,, X,—1) and (x,, X,_1, Xx,) can
occur, and so performing £, and cancelling results in the relation

(Xns Xpepo Xn-1)?" =1 0o (Xp, Xpo1, X)? = 1,

both of which are impossible since 2y =2q or 4q and is not divisible by r.
Therefore, we have shown that if G contains any nondeducible relation, we have a
contradiction, and have thus proven the following theorem.

THEOREM 8. There are no groups of nilpotence class 3 which are CNV groups with
respect to a set of n=3 generators.

COROLLARY. The only P-groups of nilpotence class 3 which are CNV groups
must have presentations of the form (6.17), where
m = Qutvrw+l p = 2u+?, g =24 o = QutvEw uzl,
o,w 20, v+wz2z1l, B=0ifwz=l,
B=2*"1ifw=0, 8=0o0r2"tandd =2""1ifw 2 1.
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Proof. We have shown that the only CNV groups of nilpotence class 3, must have
presentations of form (6.17) and that if they are P-groups the P must be 2. Since
gq|m, q is a power of 2, say g¢=2*. Since the group is not nilpotent of class 2, g#1,
souzl.

q divides p so p=2**?, v=0.

p divides a=m[2 so a=2**"*¥ w>0 and then m=2******1 and B=0 or
p/2=2u+v—1.

q divides B, so if B#0 thenv—120so v=1.

q divides a(e—1)/2 but (¢—1) is odd so v+w—120or v+wz1.

p divides B+ a(a—1)/2.

If w21 then p|«/2 so ple(e—1)/2 and p|B. But then B=0. Conversely if =0,
p|B so ple(a—1)/2 so p|a/2 since («—1) is odd and so wz 1. L.e. =0 if and only if
w=1. Finally, §=0 or g/2=2*"%. If w21 then =0 so §#0 so §=2*"1. Putting
this all together, we get the corollary.

THEOREM 9. Every CNV group of nilpotence class 3 has the quaternions as a
quotient group.

Proof. Using the presentation given in the corollary map x — U, y — V where
Q=< V| U=UV,U)=(UV,V)=1U0%=(UV)).
This is easily seen to be a homomorphism.

7. Nilpotence class 4. On the basis of §§5 and 6, we are led to conjecture that
in general there are no nilpotent CNV groups with respect to sets of at least three
generators, and that the only possible CNV groups that are P-groups occur for
P=2

Because of the possibility of the existence, in the general case, of relations about
which we might not be aware, these questions seem to be more difficult.
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